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Abstract. This paper is devoted to the study of Lp Lyapunov-type 
inequahties ( 1 < p < +00) for linear partial differential equations at 
radial higher eigenvalues. More precisely, we treat the case of Neumann 
boundary conditions on balls in R^. It is proved that the relation be- 
tween the quantities p and N/2 plays a crucial role to obtain nontrivial 
and optimal Lyapunov inequalities. By using appropriate minimizing 
sequences and a detailed analysis about the number and distribution 
of zeros of radial nontrivial solutions, we show significant qualitative 
differences according to the studied case is subcritical, supercritical or 
critical. 



1. Introduction 
Let us consider the linear problem 

(1.1) u"{x) + a{x)u{x) = 0, X G (0, L), 'u'(O) = u'{L) = 

where a E A and A is defined by 
(1.2) 

A = {a G L^(0,L)\{0} : / a{x) dx > and (jl.ip has nontrivial solutions } 

Jo 

The well known Li Lyapunov inequality states that if a G A, then / a~^{x)dx> 

Jo 

4 

4/L. Moreover, the constant 4/L is optimal since — = inf ||a^||LiroL^ ^^'^ 

L ogA ^ ' ' 

this infimum is not attained (see [1], [7] and [8j). This result IS clS cl partic- 
ular case of the so called Lp Lyapunov inequalities, 1 < p < 00. In fact, if 
for each p with 1 < p < 00, we define the quantity 

(1.3) B„ = inf In(a) 

^ aeAnLP{0,L) 
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where 
(1-4) 

/p(a) = ||a+||iP(o,L) = {a+{x))P dx^ , V a G A n LP(0, L), 1 < p < oo, 

-^oo(«) = sup ess a+, V a G A n L°°(0, L), 

then /3i = ^ and for each p with 1 < p < oo, it is possible to obtain an 
exphcit expression for /3p as a function of p and ^ ( [I] , [IQ] ) . 

Let us observe that the real number zero is the first eigenvalue of the 
eigenvalue problem 

(1.5) u"{x) + pu{x) = 0, x£ (0, L), u'{0) = u'{L) = 

and that for Neumann boundary conditions the restriction on the function 
a in the definition of the set A, 

(1.6) a G L^(0,L) \ {0}, / a{x)dx>Q, 

Jo 

or the more restrictive pointwise condition 

(1.7) a G L^(0,L), -< a, 

are natural if we want to obtain nontrivial optimal Lyapunov inequalities 
(see Remark 4 in |lj). Here, for c, d G L^{0, L), we write c -< d if c(x) < d{x) 
for a.e. x G [0, L] and c(x) < d{x) on a set of positive measure. 
In fact, it can be easily proved that if 

(1.8) Aq = {a G L^{0, L) : -< a and (jl.ip has nontrivial solutions } 
then the constant /3p defined in (jl.3p satisfies 

(1.9) /3p= inf Ip{a) 

aeAonLP(0,L) 



Since zero is the first eigenvalue of (jl.Sp . it is coherent to affirm that f3p is 
the Lp Lyapunov constant for the Neumann problem at the first eigenvalue. 

On the other hand, the set of eigenvalues of (jl.5p is given by pk = 
fc^vr^/L^, /c G N U {0} and if for each /c G N U {0}, we consider the set 

(1.10) A^. = {a G L^{0,L) : ~< a and (jl.ip has nontrivial solutions } 
then for each p with 1 < p < oo, we can define the constant 

(1.11) /3p,fc = Ip{a-pk) 

aGAfcnLP(0,L) 

An explicit value for /3i^fc has been obtained by the authors in [3j. The case 
p = oo is trivial (/3oo,fc = Pk+i — Pk) and, to the best of our knowledge, 
an explicit value of I3p^k as a function of p, k and L is not known when 
1 < p < oo. Nevertheless, since /3i^fc > 0, we trivially deduce f3p^k > 0, for 
each p with 1 < p < oo. 
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With regard to Partial Differential Equations, the linear problem 
Au{x) + a{x)u{x) =0, X £ 

du I 



^^■^^^ ^(x) = 0, xedn 



has been studied in [2], where Q C (iV > 2) is a bounded and regular 
d 

domain, — is the outer normal derivative on dQ and the function a : 17 — >■ R 
on 

belongs to the set F defined as 
(1.13) 

r = {a G L^{Cl) \ {0} : / a{x) dx > and (I1.12P has nontrivial solutions} 

Jn 

if iV > 3 and 

T = {a:n^Rs. t. 3q £ (l, oo] with a G \ {0}, / a(x) dx > 

Jn 

and ()1.12p has nontrivial solutions} 
if iV = 2. 

Obviously, the quantity 

(1.14) 'yp= inf ||a+||ip(m , 1 < p < oo 

is well defined and it is a nonnegative real number. A remarkable novelty 
(see [2]) with respect to the ordinary case is that 71 = for each N > 2. 
Moreover, if = 2, then 7p > 0, V p G (1, 00] and if A" > 3, then 7^ > if 
and only if p > N/2. In contrast to the ordinary case, it seems difficult to 
obtain an explicit expressions for jp, as a function of p, Q and A^, at least 
for general domains. 

As in the ordinary case, the real number zero is the first eigenvalue of the 
eigenvalue problem 

. ^ Au{x) + pu{x) = 0, xgO 

^ix)=0 xGdn 

so that it is natural to say that the constant 7p defined in ()1.14p is the Lp 
Lyapunov constant at the first eigenvalue for the Neumann problem (|1.12|) . 

To our knowledge, there are no significant results concerning to Lp Lya- 
punov inequalities for PDE at higher eigenvalues and this is the main subject 
of this paper where we provide some new qualitative results which extend to 
higher eigenvalues those obtained in [2j for the case of the first eigenvalue. 
We carry out a complete qualitative study of the question pointing out the 
important role played by the dimension of the problem. 

Since in the case of ODE our proof are mainly based on an exact knowl- 
edge about the number and distribution of the zeros of the corresponding 
solutions ([3]), in the PDE case we are able to study Lp Lyapunov inequal- 
ities if $1 is a ball and for radial higher eigenvalues. It is not restrictive to 
assume that Q = B^n{0; 1) = Bi, the open ball in of center zero and 
radius one. 
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In Section 2 we describe the problem in a precise way and we present 
the main results of this paper. In Section 3 we study the subcritical case, 
i.e. l<p<Y)if-^^3, and p = 1 if = 2. To prove the results in 
this section we will construct some explicit and appropriate sequences of 
problems like ()1.12p where Dirichlet type problems play an essential role. 
In this subcritical case we prove that the optimal Lyapunov constants are 
trivial, i.e., zero. 

In Section 4, we treat with the supercritical case: p > y> if — 2- By 
using some previous results of Section 2, about the number and distribution 
of the zeros of nontrivial and radial solutions, together with some compact 
Sobolev inclusions, we use a reasoning by contradiction to prove that the 
optimal Lyapunov constants are strictly positive and they are attained. In 
Section 5 we consider the critical case, i.e. p = if ^ ^ 3. Because in this 
case the Sobolev inclusions are continuous but no compact, we demonstrate 
that the optimal Lyapunov constants are strictly positive but we do not 
know if they are attained or not. 

Finally, we study the case of Neumann boundary conditions but similar 
results can be obtained in the case of Dirichlet type problems. 

2. MAIN RESULTS 

From now on, Q = Bi, the open ball in M.^ of center zero and radius one. 
It is very well known ([3]) that the operator —A exhibits an infinite increas- 
ing sequence of radial Neumann eigenvalues = //o<A'i<---<MA:<--- 
with /Xfc — )• +00, all of them simple and with associated eigenfunctions 
(fk G ^^[0, 1] solving 

, . -(r^- V')' = l^kr^'W, < r < 1, 

^ ' ^'(0) = ^'(1) = 0. 

Moreover, each eigenfunction ip^ has exactly k simple zeros < r^-i < 
... < ri in the interval (0, 1). 

For each integer k > and number p, 1 < p < 00, we can define the set 

a is a radial function, ^ a and 

(jl.l2p has radial and nontrivial solutions } if > 3 and 

Ffc = {a : -Bi — 7- M s. t. 3g G (1, 00] with a £ L'^{Bi) : a is a radial function, 

/Xfc -< a and (jl.l2p has radial and nontrivial solutions} 

if = 2. 

We also define the quantity 

(2-2) 7p,fc = inf \\a - f^k\\LP{Bi) 

The main result of this paper is the following. 

Theorem 2.1. Let k > 0, N > 2, 1 < p < 00. The following statements 
hold: 
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(1) If N = 2 then 7p_fc >04^l<p<oo. 
// iV > 3 then -fp,k > f < P < oo. 

(2) If N > 2 and Y < P < oo then 

jp^k attained. 

A key ingredient to prove this theorem is the following proposition on 
the number and distribution of zeros of nontrivial radial solutions of ()1.12p 
when a G Ffc. 

Proposition 2.2. Let Q = Bi, k > 0, a G and u any nontrivial radial 
solution of \1.12\l . Then u has, at least, k + 1 zeros in (0,1). Moreover, if 
k>l and we denote by x^. < x^-i < ■■■ < xi the last k zeros of u, we have 
that 



where ri denotes de zeros of the eigenfunction ipk of ^2. 1]) . 

For the proof of this proposition we will need the following lemma. Some 
of the results of this lemma can be proved in a different way, by using the 
version of the Sturm Comparison Lemma proved in [4J, Lemma 4.1, for the 
p-laplacian operator (see also [7J). Other results are new. 

Lemma 2.3. Let k > 1. Under the hypothesis of Proposition \2.2\ we have 
that 

i) u vanishes in the interval (0,rfc]. If rk is the only zero of u in this 
interval then a{r) = (j.^ in (0, r^]. 

ii) u vanishes in the interval [rij^i^ri), for 1 < i < k — 1. // rj+i is 
the only zero of u in this interval then u{ri) = and a{r) = fik in 



ii) u vanishes in the interval [ri,l). If ri is the only zero of u in this 
interval then a{r) = jik in [ri, 1]. 

Proof. To prove i) , multiplying (11.12P by ipk and integrating by parts in B^^ 
(the ball centered in the origin of radius r^), we obtain 



On the other hand, multiplying (12. ip by u and integrating by parts in 
Bj.^,, we have 



ri < Xi , y 1 < i < k 





Subtracting these equalities yields 



(2.3) 
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where ojn denotes de measure of the A^-dimensional unit sphere. Assume, 
by contradiction, that u does not vanish in (0, r^]. We can suppose, without 
loss of generahty, that n > in this interval. We can also assume that 
</?fc > in (0, rjt). Since is a simple zero of ipk, we have ^'f.{rk) < and 
since a > //fc in (0, r^) we obtain a contradiction. 

Finally, if is the only zero of u in (0, r^], equation 12.31 yields 
L (a - Hk) uipk = 0, which gives a{r) = jik in (0, r^]. 

To deduce ii) , we proceed similarly to the proof of part i) , restituting B^^ 
by yl(ri_i_i, Tj) (the annulus centered in the origin of radii rj+i and ri) and 
obtaining 



/ (a - P'k) Uifk = WArr- ^u{ri)ip'j.{ri) - a;Arr._^;^^u(ri+i)93'fc(rj+i) 

and ii) follows easily by arguments on the sign of these quantities, as in the 
proof of part i). 

To obtain iii), a similar analysis to that in the previous cases shows that 

/ (a - /ifc) Uifk = -ujNri~^u{ri)(p'j.{ri), 
and the lemma follows easily as previously. 

□ 



Proof of Proposition \2.S[ Let k = 0. If we suppose that u has no zeros in 
(0, 1] and we integrate the equation —Au = au in Bi, we obtain J^^ au = 0, 
a contradiction. Hence, for the rest of the proof we will consider k > 1. 

Let 1 < i < k. By the previous lemma u vanishes in the i disjoint intervals 
[rj, rj_i),...,[r2, ri),[ri, 1). Therefore u has, at least, i zeros in the interval 
[rj, 1) which implies that Vi < Xi. 

Finally, let us prove that u has, at least, k + 1 zeros. From the previous 
part, taking i = k, u has at least k zeros in the interval [r^, 1], one in each of 
the k disjoint intervals [r^, rfc_i),...,[r2, ri),[ri, 1). Suppose, by contradiction, 
that these are the only zeros of u. Then u does not vanish in (0, r^,) and 
applying part i) of Lemma [23] we obtain u{rk) = and a = /i^ in (0, r^,]. 
Applying now part ii) of this lemma, we deduce u{rk^i) = and a = Hk 
in [rk,rk-i]- Repeating this argument and using part iii) of the previous 
lemma we conclude u{ri) = 0, for all 1 < i < A: and a = /^^ in (0,1], which 
contradicts a G F^. □ 

For the proof of Theorem 12. H we will distinguish three cases: the subcritical 
case (1 < p < ^ if — 3, and p = 1 if = 2), the supercritical case {p > ^ 
ii N>2), and the critical case (p = f if A^ > 3). 
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3. The subcritical case 

In this section, we study the subcritical case, i.e. 1 < p < f , if TV > 3, 
and p = 1 if N = 2. In all those cases we will prove that jp^k = 0. 

The next lemma is related to the continuous domain dependence of the 
eigenvalues of the Dirichlet Laplacian. In fact, the result is valid under much 
more general hypothesis (see [6]). Here we show a very simple proof for this 
special case. 

Lemma 3.1. Let N > 2 and R>0. Then 



lim Ai {A{e,R)) = Xi (Br), 

where Xi{A{e,R)) and Ai denotes, respectively, the first eigenvalues 

of the Laplacian operator with Dirichlet boundary conditions of the annulus 
A{£,R) and the hall Br. 

Proof. For > 3 and e £ {0,R/2) define the following radial function 
UeGH^{A{e,R)y. 



(3.1) u,ix) 



^i{x), if 2e < \x\ < R, 



\x\ — s 

!>i(2e), if e < |x| < 2e, 



e 

where 0i denotes the first eigenfunction with Dirichlet boundary conditions 
of the ball Br. It is easy to check that 

£2 



lim / iVn^l = lim / iONr — dr = 0. 



In the same way it is obtained lim / = 0. In addition, from the vari- 

JAie,2e) 

ational characterization of the first eigenvalue it follows that Ai {A{e,R)) < 
lA{e,R) l^^^lV/A(e,ii)^e- Therefore 

lim sup Ai iA{e,R)) < lim sup ^^'^^ . = J' = Xi{Br). 

On the other hand, using that the first Dirichlet eigenvalue Ai(r2) is 
strictly decreasing with respect to the the domain Q, it follows that Ai {A{e, R)) > 
Ai (Br). Thus 

liminf Ai iA(e,R)) > XUBr) 

£-5>0 

and the lemma follows for > 3. 

The same proof works for = 2 if we consider, for every e G (O, min{l, R^}) , 
the radial function G Hq {A{e, R)): 
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(3.2) Ue{x) 



01(2;), 

log |x| — loge 
, logVe-loge 



if \/e < \x\ < R, 



if e < \x\ < y/e. 



□ 



Lemma 3.2. Let k > 0, N > 3 and 1 < p < N/2. Then -/p^j, = 0. 

Proof. If A; = 0, this lemma follows from [2, Lem. 3.1]. In this lemma a 
family of bounded, positive and radial solutions were used. Hence, for the 
rest of the proof we will consider A: > 1. 

To prove this lemma we will construct an explicit family € Tk such 
that lim£_!.o \\as — Aifc||LP(_Bi) = 0. To this end, for every e G (0, r^), define 
Ue : i?i — )• M as the radial function 



(3.3) 



if fk < \x\ < 1, 



H {A{e,rk)) , if e < |x| < 
!>i (Be) , if |x| < e. 



where (pi {A{e, r^)) and 0i {B^) denotes, respectively, the first eigenfunctions 
with Dirichlet boundary conditions of the annulus A(e, r^) and the ball B^- 
Moreover these eigenfunctions are chosen such that Ue £ C^{Bi). 

Then, it is easy to check that is a solution of (|1.12p . being € L°°(Bi) 
the radial function 



(3.4) 



/ifc, if rk < \x\ < 1, 

Ai {A{s,rk)) , if e <\x\ < r^, 



[ Ai {B, 



if 



\x\ < e, 



where Ai(A(e, r^)) and Ai (i?^) denotes, respectively, the first eigenvalues 
with Dirichlet boundary conditions of de annulus A{e,rk) and the ball B^. 
Since the first Dirichlet eigenvalue Ai(0) is strictly decreasing with respect 
to the the domain $7, it follows that 



Ai {A{e,rk)),Xi (Be) > Xi (^rj = f^k, 

which gives G F^. (The equality Ai (Br^) = follows from the fact that 
ipk is a positive solution of —Aip = ^j.ip in B^^ which vanishes on dBj.^). 
Let us estimate the Lp-norm of — Hk- 
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(3.5) 

\W - ^^k\\LP{Bl) = 

(Ai (B,) - fi^y 



(Ai {A{e,rk)) - ^lkf 



LdNe 



N 



N 



(Ai {A{e,rk))- fit)' 



N 



Taking into account that Ai {B^) = \i{Bi) / , Ai {Bj.^) = Hk, using N > 



2p, and applying Lemma |3.H we conclude 



f N _ N-\ 



fXliBiTuNE^ 

and the proof is complete. □ 

Lemma 3.3. Let k > 0, N = 2 and p = 1. Then 71^^ = 0. 

Proof. If k = 0, this lemma follows from ^ Lem. 3.2]. In this lemma a 
family of bounded, positive and radial solutions were used. Hence, for the 
rest of the proof we will consider k > 1. 

Similarly to the proof of the previous lemma, we will construct some 
explicit sequences in F^. In this case, this construction will be slightly more 
complicated. First, for every a G (0, 1), define Va,Aa : i?i — )• M as the radial 
functions: 



(3.6) 

Vair) 

(3.7) 

Aa{r) 



' a(l — r^)(3 — r^) — logr, 
a(l - r2)(3 - r^) - log a + 

16a(l -r^) 
a(l — r2)(3 — r^) — logr' 

16a(l-r2) + ^ 

a(l — r2)(3 — r^) — log a + 



2 2 
2a2 ' 



if a < r < 1, 

if r < a, 

if a < r < 1, 



2 2 ' 



if r < a, 



2a2 



where r = It is easily seen that Va G C^(-Bi), Aq, G L°°(i?i), and 



(3.8) 



AfQ,(x) + yla(x)t;a(x) = 0, x e Bi 
Va{x) = 0, x G dBi 



Now, for every a G (0,1) and e G (0,rfc), define Uq^^ : i?i 
radial function: 



as the 
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(3.9) 



(fkix), if rfc < l^l < 1, 

(pi {A{e,rk)) (x), if e < \x\ < r^, 



X 



if Ixl < e. 



where the eigenfunctions ipk and (pi (^(e,rfc)) are chosen such that ^ G 

cm. 



An easy computation shows that Ua,£ is a solution of (|1.12p . being aa,e £ 
L°°(i?i) the radial function 



(3.10) 



aa,e{x) 



/ifc, if rk < \x\ < 1, 

Ai {A{e,rk)) , if e < |x| < r^, 
1 



if \x\ < e. 



Again, using that the first Dirichlet eigenvalue Ai(r2) is strictly decreasing 
with respect to the the domain 0, it follows that 

Ai {A{e,rk)) > Xi (Br J = /^fc- 

-2 . _ 



Moreover, inf aae{x) = inf Aa{x) je ■.= ma/e . We see at once 

lxj<e ' \xeBx J 

that nia > for every a G (0, 1). Hence, if we fix a and choose e G (0, 1) 
such that rria/e^ > ^fc, it is deduced that aa,e ^ ^k- 
Let us estimate the Li-norm of aa,e — iJ-k'- 



(3.11) 

\\aa,e - MfcllLi(Bi) 



A{e,rfe) 



(Ai (^(e,rfc)) - /ifc) dx. 



Doing the change of variables x = ey in the first integral and applying 
Lemma |3. II in the second one, it is obtained, for fixed a G (0, 1): 



lim 1 1 a, 

e-i>0 



a,e — Mfc||Li{_Bi) 



Aa{y)dy. 



Bi 



Thus, from the definition of 71^^ we have 
(3.12) 7i,fc< / A^iy)dy, VaG(0,l). 

JBi 

Now we will take limit when a tends to in this last expression. For this 
purpose we first deduce easily from the definition of Aa that Aa{r) < 16q(1— 
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r2)/(-logr) < 32a if r G (a, 1) and yl„(r) < + /(-log a) if 

r G (0,a). It follows that 

r /•! 16a + 2/a^ /"^ 

/ Aa(y)dy = 27r / r ^a(r)(ir < 27r / r ^ — - — dr + 2iT / r32adr 

Jbi Jo Jo -logo J a 

16a^ + 2 . 2x 

= vr — ^ h 327ra(l — a ), 

- log a 

which gives limQ,_;,o /^^ ^aiy)dy = and the lemma follows from (j3.12p . □ 

4. The supercritical case 

In this section, we study the supercritical case, i.e. p > if > 2. 
In all those cases we will prove that 7p^fc is strictly positive and that it is 
attained. We begin by studying the case p = oo. 

Lemma 4.1. Let k > 0, N > 2 and p = oo. Then joo,k = f^k+i ~ is 
attained in the unique element gq = ^k+i G ^k- 

Proof. Clearly oq = l^k+i G ^k satisfies ||ao - ^fc||L°°{Bi) = /"fc+i - ^^k■ 
Suppose, contrary to our claim, that there exists ^k+i ^ £ T^, such that 
Ik ~ /^A;||l°°(Bi) ^ fJ-k+i — fJ-k- Therefore //^ -< a -< //fc+i, a contradiction with 
the fact a G Tfc (see [5], [S]). □ 

Next we concentrate on the case ^ < p < oo. 

Lemma 4.2. Let N > 2, p > N/2 and M > 0. Then, there exists e = 
e{N,p,M) with the following property: 

For every a £ LP{Bi) satisfying \\a\\ip(^Bi) ^ ^'-^ o.iT'd every u € H^{Bi) 
radial nontrivial solution of —Au = au in Bi we have 

i) z > £ for every zero zofu. 

ii) \z2 — zi\ > £ for every different zeros zi,Z2 of u. 

Proof. Let z G (0, 1] be a zero of u. Hence, multiplying the equation —An = 
a n by n, integrating by parts in the ball B^ and applying Holder inequality, 
we obtain 

/ |Vn|^ = / au^ < ||a||LP{B^)ll^^ll^ 2p 
Jb^ Jb^ Lp=^{B^) 

From the above it follows that 

A^^ll II ^11 II ^ \\^^\\\hB.) ^ . \\^^\\\\B.) 

M > ||a||iP(BO > ||a||iP(B.) > TT-rr^ > mm — ^ . 

\\m 2p veH^^(B:,) \\V\\ 2p 

Ll^{B^) Ll^(B^) 

From the change w{x) = v{zx), it is easily deduced that 
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mm 



I^^IIl2(b^) _ iv_2 . I|V^IIl2(b^) iv_2 



zv mm - — "2 := z p a(iV,pj, 



1 2p 

where we have used the compact embedding Hq{Bi) C Lp-i (smce p > 
N/2, then 2 < < 7^^, which is the critical Sobolev exponent). Thus, 

taking ei > such that M < eip a{N,p), we conclude part i) of the 
lemma with e = £1. 

For the second part of the lemma, consider two zeros < zi < Z2 < 1 
of u. Taking into account that zi > £1 and arguing in the same manner of 
part i), we obtain 

II ^11 II ^ \\'^'^\\h{AizuZ2)) 
M > \\a\\Lp(^Bi) > \m\LP(A{zi,Z2)) > |j-||2 = 

L¥=t:{A{zi,z2)) 



N (p-l)/p - ^1 ||„ i|2 



Zl 



On the other hand, from the one dimensional change of variable w{x) = 
v{zi + {z2 — zi)x), it is immediate that 

mm — = [z2-zi)v mm - — -^5 := {z2-zi)p Cp. 

v(iHl(z-,,Z2) \\v\r 2p weHl(Q,l) \\w\\^ 2p 

Ll^{zi,Z2) L¥^{Bi) 

It follows that M > uj]l^e^^^{z2 - zi^/'^^'^Cp. From this, taking 82 such 

that M < uj]^-^£^~^S2^^ '^Cp, we conclude part ii) of the lemma with e = 82- 
Obviously, taking e = min{ei,e2}) the lemma is proved. 

□ 

Lemma 4.3. Let k > 0, N > 2 and N/2 < p < 00. Then jp^k is strictly 
positive and it is attained in a function G F^. 

Proof. Take a sequence {an} C F^ such that ||a„ — fJ'k\\Lp{Bi) ~^ lp,k- Take 
{un} C H^{Bi) such that Ufl IS Hi radial solution of (jl.l2p . for a = o„, 
with the normalization IKnll^i^^^) = /^^ (|Vn„p + "U^) = 1- Therefore, we 
can suppose, up to a subsequence, that u„ ^ uq in H^{Bi) and Un uq 
in Lp~^{Bi) (since p > N/2, then 2 < < which is the critical 

Sobolev exponent). On the other hand, since is bounded in LP{Bi), 
and 1 < N/2 < p < 00, we can assume, up to a subsequence, that ^ ao 
in LP{Bi). Taking limits in the equation (|1.12p . for a = On and u = n„, we 
obtain that uq is a solution of this equation for a = ao- Note that Un — t- uq 
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in Lp^ (Bi) and a„ ^ in LP{Bi) yields lim f^^ |Vn„p = lim J^^ anu\ = 
uqUq = j^^ |VnoP and consequently u„ — )■ ^ in H^{Bi). Therefore, 
if ao ^ /xfc, then ao G Tfc and ||ao - ^ik\\p < lim„^oo \\an - ^^k\\p = lp,k, and 
the lemma follows. 

On the contrary, suppose by contradiction that ao = ^k- Then uq = fk 
for some nontrivial radial eigenfunction 99^. Consider e given in Lemma [4.2l 
Take Eq = min{e, 2rfc/3, 2(1 — ri), — rj+i; 1 < i < k — 1}. Thus, from the 
previous lemma, n„ has no zeros in (0,eo), and has, at most, one zero in 
each of the k disjoint intervals (r^ — eo/2, r-j + eo/2), 1 < i < A;. Therefore, n„ 
has, at most, k zeros in the set A := (0,eo) U (Ui<j<fc {ri — eo/2, ri + eo/2))- 

On the other hand, taking into account the continuous embedding 
H^.^^{A{eo,l)) C C {A(eo,l)) and Un in Hq{Bi), we can assert 

Un — )• 9?A: in C {A{eo, 1)). Clearly minj,g(o,i]\^ > 0- Then, for large n 

we see that min^g(o,i]\yl > 0; which implies that Un does not vanish in 

(0, 1] \ A, for large n. Since Un has, at most, k zeros in A, we conclude that 
Un has, at most, k zeros in (0,1], for large n. This contradicts Proposition 
12.21 and the lemma follows. 

□ 

5. The critical case 

In this section, we study the critical case, i.e. j3 = ^, if > 3. We will 
prove that 'jp^k > 0. 

Lemma 5.1. Let k > 0, N > 3 and p = N/2. Then jp^k > 0. 

Proof. To obtain a contradiction, suppose that 7^ ^ = 0. Then we could 
find a sequence {a„} C Tk such that a„ — )• fik in L^/^(i?i). Similarly to 
the supercritical case, we can take C H^{Bi) such that radial 
solution of (11.12p . for a = an, with the normalization ||'Un||/^i(^j) = 1- Again, 
we can suppose, up to a subsequence, that Un uq in H^{Bi) and taking 
limits in the equation (jl.l2p . for a = an and u = Un, obtain that uq is a 
solution of this equation for a = ^k- 

We claim that Un in H^{Bi) and consequently, uq = ipk, for some 

nontrivial eigenfunction ipk. For this purpose, we set 

lim / |Vn„p = lim / a„ii^ = lim / (an — fJ-k)Un + ii™ / f^k^^n = 

O + i^k ul= iVuop, 

JBi JBi 

where we have used — f^k in L^/^(i?i) and Un is bounded in L^/^^~'^\Bi) 
(since Un is bounded in H^{Bi) C L?^ / ~'^\Bi)) . Thus, from standard 
arguments, we deduce that n„ — )• = ^k in H^{Bi). 

In the following, we will fix e G (0,rfc). Since — >• Hk in L^/^ iA{£, 1)) 
and Un — )■ lio = ^k in H^^^{A{e,l)) C C{A{e,l)), we can assert that 
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anUn fik^k in L^/2(^(e, 1)) C L^(^(e, 1)). Thus -Au„ fikfk in 
L"*^ (^(e, 1)), which yields Un — )• y^k in C"*^ (^(e, !))• It follows that, for large 
n, the number of zeros of n„ is equal to the number of zeros of ipk in the 
annulus A{e, 1), which is exactly k. Applying Proposition 12.21 we can assert 
that, for large n there exists a zero En G (0,e] of Un- Hence, multiplying 
the equation — An„ = a„ii„ by u„, integrating by parts in the ball B^^ and 
applying Holder inequality, we deduce 

= / ClnU^ ^ ll'^n|lL-'V/2(Bj.^) ll'Wra||^2JV/{JV-2)(j5^ y 
'Ben Ben 

From the above it follows that 

|, II ^ ll^^"lli2(B,j ^ 

\ML«/^iBen) ^ ^ _ 1% . TTM • 

ll"'n||j;^2JV/(]V-2)(^^ •) «fc-H(,(±(e„J \\"'\\]^2N/(N-2)(^^^ ) 

From the change v{x) = u{enx), it is easily deduced that 

inf „ "J""^-(^-^) = inf ^*(^:=C^>0. 

u£H^{Ben) \W\j^2N/(N~2)(^j^^^'j ^^Hl{B{) 1 1 1 1 j^2]V/ ( JV-2) (g^ •) 

From the above it follows that, for fixed e G (0, r^) and large n, we obtain 



Cat < WanWiN/^i^Ben) - 11^" ~ i^k\\Lt^/2(^Ben) + 1 1 /^^ 1 1 ) 
llOn - Aifc|lL^/2(Bi) + ll/^fc|lL^/2(B^)- 

Taking limits when n tends to oo in this expression we deduce 



< 



Cat < ^k 



Choosing e > sufficiently small we obtain a contradiction. 



□ 
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